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We study decoherence processes of an S = 1/2 localized spin coupled to conduction band electrons
in a metal or a semiconductor via an Ising-like interaction. We derive master equations for the
density matrix of the localized spin, by tracing out all degrees of freedom in the conduction electron
system based on the linked-cluster-expansion technique. It is found that the decoherence occurs
more rapidly for the metallic case than for semiconducting case.
PACS numbers:
Because of its scalability and processability, a solid
state device with localized spins is considered as a
promising candidate for quantum computing or spin-
tronic devices [1]. Localized spins in a solid lose mem-
ory of their spin orientation through collisions with
phonons, conduction electrons, and some other perturba-
tions. Thus to find a way to control the spin relaxation
rate at least a few orders of magnitude is a key issue in
the field of quantum computation and spintronics.
In general, motion of localized spins in a conductor is
damped by the transfer of angular momentum and en-
ergy to the itinerant carriers [2, 3]. Regarding the cor-
responding relaxation of a classical localized spin as a
linear-response problem, one of the authors (S.A.) has
derived a Landau-Lifshitz-Gilbert type equation for the
localized spin based on the s-d model in which the s-
electron system is regarded as an environment weakly
coupled to the localized d-electron spin [4]. He has shown
that the relaxation function of the s-electron spins leads
to the Gilbert type damping term for the localized spin
which corresponds to the retarded resistance function in
a generalized Langevin equation. The Ohmic form of the
Gilbert term stems from the fact that the imaginary part
of the spin susceptibility of the itinerant electronic sys-
tem is proportional to the frequency ω in low ω region.
Here we must consider the next question of the re-
laxation of a quantum localized spin (S = 1/2) in a
solid interacting with its environment. This is the prob-
lem of dissipation on quantum coherence, or the so-
called problem of decoherence of a quantum two-level
system [5, 6]. Quantum two-level systems interacting
with an environment are fundamental models to de-
scribe quantum relaxation or decoherence processes[5],
and have been extensively investigated over the past 20
years [7, 8, 9, 10, 11, 12]. Although general theories
of dissipative dynamics of a two-level system have been
established, none of these works directly discusses deco-
herence process of a quantum localized spin coupled to
conduction band electrons.
Thus in this paper, we study the dynamics of the
S = 1/2 localized spin interacting with a conduction elec-
tron system in a metal or a semiconductor as a bath via
an Ising-like interaction by using the kinetic equation of
the reduced density matrix. We obtain the non-unitary
master equation of the reduced density matrix for the
spin by tracing out the fermionic environment, following
the standard decoherence calculations. The decoherence
factor of the spin is found to be linearly temperature
dependent at a relatively high temperature, while loga-
rithmically dependent at low temperature region. The
effects of the band-filling of the conduction electrons on
the decoherence factor will also be discussed.
The model we will consider here is so-called the Ising-
Kondo model[13] which consists of an S = 1/2 localized
spin coupled to a conduction electron system as an envi-
ronment via an Ising-type interaction. The Hamiltonian
of this model is given as
H =
1
2
ω0Sz +
∑
k,σ
εkc
†
kσckσ
−
J
NS
∑
k,k′
Sz
(
c†k↑ck′↑ − c
†
k↓ck′↓
)
, (1)
where ω0 is the Larmor frequency, ckσ are annihilation
operators for conduction electrons with wavenumber k
and spin σ, Ns is the number of atoms in the system,
and Sz is the z component of the localized spin. It is
worth noting that the coupling between the localized spin
and the conduction electrons in this model induces no
spin flips, in other words, this model describes a phase
decoherence only. We assume that at the initial time
t = 0 the localized spin and the conduction electrons are
decoupled, and the conduction electrons are in thermal
equilibrium. Thus we can write the density matrix for
the total system as
ρ(0) = |Ψ0〉〈Ψ0| ⊗ w (2)
where |Ψ0〉 is an initial quantum state of the localized
spin |Ψ0〉 = α| ↑〉+β| ↓〉, and w is the statistical operator
2for the conduction electron system given as
w =
e−β
P
k,σ εkc
†
kσ
ckσ
Tr
(
e−β
P
k,σ
εkc
†
kσ
ckσ
) , (3)
where β = 1/kBT .
Let us write the density matrix in the interaction rep-
resentation
ρ(t) = V (t)ρ(0)V (t)†, (4)
with
V (t) = T exp
(
−
i
~
∫ t
0
dt′HI(t
′)
)
, (5)
where T symbolizes the time-ordering product and HI
represents the interaction term of the Hamiltonian, that
is, the third term in the right hand side of equation (1).
The phase dynamics of the localized spin is described
by the 2× 2 reduced density matrix ρ˜(t) obtained by the
operation of partial trace over the degrees of freedom of
the conduction electrons:
ρ˜(t) = Trk
(
V (t)|Ψ0〉〈Ψ0|V (t)
† ⊗ w
)
. (6)
The diagonal terms of ρ˜(t) are constant in time, i.e.,
ρ˜↑↑(t) = |α|
2 and ρ˜↓↓(t) = |β|
2, because the interaction
term in the present model induces no spin flips. The
off-diagonal elements ρ˜↑↓(t) is given as
ρ˜↑↓(t) = αβ
∗V (t)| ↑〉〈↓ |V (t)† (7)
Within the linked-cluster-expansion technique, we obtain
[14, 15]
ρ˜↑↓(t) = αβ
∗ exp (−Γ(t)) , (8)
with
Γ(t) = 4J2
∫ ∞
−∞
dε1
∫ ∞
−∞
dε2 (1− f(ε1)) f(ε2)
×D(ε1)D(ε2)
1− cos
(
ε1−ε2
~
t
)
(ε1 − ε2)2
, (9)
where D(ε) is the density of states per atom. To study
the effects of the band-filling of the conduction elec-
trons on the decoherence factor, here we use semi-elliptic
forms of D(ε), as shown in Fig. 1, with a normalization
condition
∫∞
−∞
dεD(ε) = 2. We take the band gap as
Eg = 0.01W ,where W is the band width. For the metal-
lic case (Fig. 1 (a)), the Fermi energy EF is taken to be
at the center of the upper band, i.e., EF = (W + Eg)/2,
and for the semiconductor case (Fig. 1 (b)), EF = 0.
Figure 2 shows the time evolution of the off-diagonal
element ρ˜↑↓(t) of the reduced density matrix at T = 0.
We have confirmed that the decoherence factor Γ(t) is
proportional to t2 at t ≪ 1. As shown in Fig. 2, ρ˜↑↓(t)
0
0
(a)
(b)
D(ε)
D(ε)
W    Eg12
1
2 Eg 2
1 Eg
W    Eg2
1 1
2 Eg
W+   Eg2
1 ε
ε
2
1 Eg W+   Eg2
1
FIG. 1: A schematic diagram of the density of states per
atom D(ε) for (a) a metal and (b) a semiconductor cases. In
the present calculation, Eg = 0.01W and EF = (W + Eg)/2.
The hatched regions indicate the fermi sea at T = 0.
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FIG. 2: The time evolution of the off-diagonal element ρ˜↑↓(t)
of the reduced density matrix at T = 0.
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FIG. 3: The time evolution of the off-diagonal element ρ˜↑↓(t)
of the reduced density matrix at T = J/kB .
3decays more rapidly for the metallic case than that of the
semiconductor case. This is due to the low carrier density
since the fermi energy is at the center of the band gap in
the semiconductor case. Also unexpected behavior of the
time evolution of ρ˜↑↓(t) can be seen in this figure, that
is, the dip-like structure of the decay curve around t = 1.
We speculate that this is a resonance effect due to the
band gap, and detailed analysis of this behavior will be
reported elsewhere.
It is interesting to see the decoherence process in a
relatively high temperature region. We show the time
evolution of ρ˜↑↓(t) at kBT = J in Fig. 3. At this time,
ρ˜↑↓(t) decays exponentially for both the cases, and the
dip structure found in Fig. 2 cannot be seen because of
the relatively high temperature than Eg/kB.
Finally, let us consider the decoherence process of the
localized spin when it is magnetically interacting with a
bosonic environment, such as magnons. We assume here
that the magnons have a quadratic dispersion relation
with a cutoff energy ~ωm. Following again the standard
decoherence calculations, we can easily obtain an approx-
imated form of the decoherence factor Γ(t); for example,
Γ(t) is roughly proportional to t2 for ωmt ≪ 1, and to
t3/2 for ωmt ≫ 1 at the low temperature limit. As seen
from figure 2, by contrast, Γ(t) is roughly proportional to
t2 for Jt/~≪ 1 and to log t for Jt/~≫ 1 at the zero tem-
perature. Thus, to study the competition of the effects
of conduction electrons and magnons on the decoherence
process is an interesting future problem[15].
In summary, we have derived the master equations for
the localized S = 1/2 spin (a two-level system) scattering
a bath of conduction band electrons in a metal and a
semiconductor. We have confirmed explicitly that the
off-diagonal element of the reduced density matrix of the
localized spin decays more rapidly for the metallic case
than that of the semiconductor case.
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